Abstract. We show that Artin-Schelter regularity of a Z-graded algebra can be examined by its associated Z r -graded algebra. We prove that there is exactly one class of four-dimensional Artin-Schelter regular algebras with two generators of degree one in the Jordan case. This class is strongly noetherian, Auslander regular, and Cohen-Macaulay. Their automorphisms and point modules are described.
Introduction
The classification of Artin-Schelter regular algebras, or classification of quantum projective spaces, is one of important questions in noncommutative projective algebraic geometry. Many researchers have been interested in Artin-Schelter regular algebras and many have made great contributions on the subject. In the case of global dimension 4, plenty of Artin-Schelter regular algebras have been discovered in recent years [9, 13, 17, 18] , and most of them are obtained by endowing with an appropriate Z 2 -grading on the algebras. It is not the case for 4-dimensional
Artin-Schelter regular algebras of Jordan type (see the subsection 3.1 below). This motivates us to study this kind of algebras. The idea used here is to link a Z-graded algebra with an appropriate Z r -graded algebra for some positive integer r(> 1). By means of Gröbner basis theory, we show it is available for those Z-graded algebras without Z 2 -grading on them. Our first result is a regularity criterion for a connected graded algebra.
Theorem 0.1. Let A = k X /I be a connected graded algebra. Then A is Artin-Schelter regular in case there is an appropriate Z r -grading on k X such that Z r -graded algebra k X /(LH(G))
is Artin-Schelter regular, where G is the reduced Gröbner basis of I with respect to an admissible order ≺ Z r on X * .
An application of the criterion in this paper is the connected Artin-Schelter regular algebras of dimension 4 with two generators whose Frobenius data is in Jordan case. The generic constraints condition (see [9] ) in this case turns out to be invalid. Using the A ∞ -algebra theory and applying the criterion to the case, we get a classification result:
Theorem 0.2. The algebra J = J (u, v, w) = k x, y /(f 1 , f 2 ) is an Artin-Schelter regular algebra of global dimension 4, where f 1 = xy 2 − 2yxy + y 2 x, f 2 = x 3 y − 3x 2 yx + 3xyx 2 − yx 3 + (1 − u)xyxy + uyx 2 y + (u − 3)yxyx + (2 − u)y 2 x 2 − vy 2 xy + vy 3 x + wy 4 , and u, v, w ∈ k. If k is algebraically closed of characteristic 0, then it is, up to isomorphism, the unique ArtinSchelter regular algebra of global dimension 4 which is generated by two elements whose Frobenius data is the Jordan type.
As the criterion for Artin-Schelter regularity, we provide a similar method to recognize the ring-theoretic and homological properties of an Artin-Schelter regular algebra from the known one.
Theorem 0.3. Let J be the Artin-Schelter regular algebra showed in the theorem above. Then Here is an outline of the paper. In Section 1, we review some basic definitions of Artin-Schelter regular algebras, A ∞ -algebras and Z r -filtered algebras. The links about regularity between Z rfiltered algebras and associated Z r -graded algebras are considered in Section 2. The next two sections are devoted to an application of the criterion to the classification of Artin-Schelter regular algebras of Jordan type. Properties of the classified result are presented in Section 5. Throughout the paper, k is a fixed algebraically closed field of characteristic 0. The set of natural numbers N = {0, 1, 2, · · · }. Unless otherwise stated, graded means Z-graded, the tensor product ⊗ means ⊗ k . For simplicity we only consider graded algebras that are generated in degree 1. We also set Z r = Z × · · · × Z r with the standard basis ε i = (0, · · · , 1, · · · , 0) for i = 1, 2, · · · , r.
Preliminaries
In this section we recall the definitions of Artin-Schelter regular algebras, A ∞ -algebras, and Z r -filtered algebras as well as some fundamental consequents in preparation for the classification.
A norm map on Z r we mean the map · : Z r → Z which sends α = (a 1 , · · · , a r ) to r i=1 a i . An admissible ordering < related to the norm map is a total ordering such that α 1 < α 2 implies α 1 < α 2 , and α 1 < α 2 implies α 1 + α 3 < α 2 + α 3 for any α 1 , α 2 , α 3 ∈ Z r .
Let A = α∈Z r A α be a Z r -graded algebra. For a homogenous element a ∈ A α , we call α and α the degree and total degree of a, denoted by deg a and tdeg a, respectively. A is called connected if A α = 0 for all α / ∈ N r and A 0 = k. A connected Z r -graded algebra A is called properly if A is generated by r i=1 A εi . We denote by GrMod A the category of Z r -graded left A-modules with morphisms of A-homomorphisms preserving degrees, and by grmod A the category of finitely generated Z r -graded left A-modules. The categories of Z r -graded right A-modules, denoted by GrMod A o and grmod A o respectively, are defined analogously. When r = 1, it goes back to the usual graded situation.
GrMod A (M, N (α)).
Artin-Schelter regular algebras.
The following definition is originally due to Artin and Schelter [2] . 
where l is called Gorenstein parameter.
The following proposition was originally proved for Z-graded algebras, and holds true in our Z r -setting. 
where
Ae j i is a finitely generated free module on basis {e
with deg e Artin and Schelter in [2] conjecture that all AS-regular algebras are noetherian. The examples of AS-regular algebras found so far are in their guess. It seems a fundamental assumption for AS-regular algebras. With this assumption, some abstract properties have been proved in small dimensions. For example, any noetherian connected graded AS-regular algebra of global dimension 4 and GKdim A = 4 is a domain (see [4, Theorem 3.9] ). Hence, in the following we assume that AS-regular algebras are domains.
As the paper [9] observes, the graded AS-regular algebras of global dimension 4 which are domains have three resolution types as they named (14641), (13431) and (12221) according to the number of generators in degree 1.
In Sections 3-5, we will focus on the connected graded algebras A of type (12221) whose minimal resolution of trivial module A k is
.
In some literatures, the condition (AS2) is not required in the definition of Artin-Schelter regular algebra. The following theorem is a pivotal point in the classification which was proved by using A ∞ -algebra method. 
A ∞ -algebras.
The definition and notation of the A ∞ -algebra are introduced in this subsection briefly. We refer to [6, 9] for the details.
endowed with a family of graded k-linear maps
of degree 2 − n satisfying the following Stasheff identities SI(n):
r+s+t=n; s≥1; r,t≥0
Note that when the formulas are applied to elements, additional signs appear due to the Koszul sign rule. We assume every A ∞ -algebra in this article contains an identity element 1 ∈ E 0 which satisfies strictly unital condition; that is,
, if x i = 1 for some i and n = 2.
Now let A be a connected graded algebra, then the Yoneda algebra E(A) is bi-graded naturally: one is the homological degree, written as superscript, and the other one is Adams degree, written as subscript, the latter is induced by the grading of A. It is a basic fact that E(A) can be viewed as the cohomology algebra of some differential graded algebra.
For any differential graded algebra D, there is a canonical A ∞ -algebra structure on its cohomology algebra HD which is unique in the sense of A ∞ -isomorphisms. This is a key consequent in A ∞ -world named "Minimal Model Theorem" (see [6] ). A concrete method of constructing the minimal model is provided in [12] . As a consequence, E(A) is equipped with a natural A ∞ -algebra structure. We adopt that the A ∞ -algebra structure in this paper are bi-graded and all multiplications {m n } preserve Adams degree; that is, deg(m n ) = (2 − n, 0). It is a nontrivial hypothesis since such an A ∞ -algebra structure exists (see [10] ).
We use E(A) to denote both the usual associative Yoneda algebra and the A ∞ -Ext-algebra with any choice of its A ∞ -structure. There is such a graded algebra A that its associative Yoneda algebra E(A) does not contain enough information to recover the original algebra A; on the other hand, the information from the A ∞ -algebra E(A) is sufficient to recover A. This is the point of the following theorem: Theorem 1.5. ([10, Corollary B]) Let A be a connected graded algebra which is finitely generated in degree 1 and E be the A ∞ -algebra Ext *
be the inclusion map, and i ♯ be its k-linear dual. Then the multiplication m n of E restricted to (E 1 ) ⊗n is equal to the map
where R ♯ and A ♯ 1 is the graded k-linear dual of R and A 1 respectively.
1.3. Z r -filtered algebras and modules.
The basic definitions and notations of Z r -filtered algebras and Z r -filtered modules are given in this subsection. We refer to [7] for the details. Let < be a fixed admissible ordering on Z r .
(c) B = α∈Z r F α (B), and 1 ∈ F 0 (B).
In the definition above, the family {F α (B)} α∈Z r is called a Z r -filtration of B.
An associated Z r -graded algebra of Z r -filtered algebra B is defined by
where 
Also there is an associated Z r -graded module of M
We assume that the Z r -filtration on submodules and quotient modules is always the induced one in this paper.
The strictness also yields
When r = 1, it also goes back to the usual situation.
Z r -filtered algebras and associated Z r -graded algebras
This section is devoted to set up a link between the connected graded algebra and its associated Z r -graded algebra. We define a Z r -filtration on a connected graded algebra related to a partition of the generator set, and discuss relevant homological properties. Using Gröbner basis theory, we prove two criterions for examining regularity and ring-properties from known algebras. In [17, 18] , the authors proved the regularity and some other ring-properties of N-filtered algebras can be examined from their associated graded algebras. However, N-filtration is not enough to reduce the complexity in general. Torrecillas and Lobillo studied GK-dimension and global dimension of N r -filtered algebras in [15] and [16] . To deal with general cases, Z r -filtration should be much more selective. Here comes a question, do the conclusions in [17, 18] still hold for some Z r -filtration?
We consider 2-dimensional AS-regular algebras firstly. It only has two types:
The Z 2 -graded part yx − xy in the relation of A ′ is a special case of the relation of A(q). In fact,
A (1) is an associated Z 2 -graded algebra of A ′ for some Z 2 -filtration. Similar phenomenon exists in S 2 and S ′ 2 of 3-dimensional AS-regular algebras (see [2] ). Those evidences inspire us to find a criterion in general.
A Z
r -filtration arising from a partition on the generator set.
In order to guarantee that morphisms preserve the degrees, we need a special Z r -filtration. This Z r -filtration is natural with some homological properties.
Firstly, we give an admissible ordering on group Z r as follows. Let α = (a 1 , · · · , a r ) and
be two arbitrary elements of Z r . We define α < β if one of the following two cases being satisfied (a) α < β , or (b) α = β and there exists a t (1 ≤ t ≤ r) such that a i = b i for i < t but a t < b t .
Now let A = k X /I be a connected graded algebra, where X is the minimal set of generators of A. Denote X * the free monoid generated by X including 1. There is a canonical projection
Given a positive integer r (1 < r ≤ #(X)), we introduce a Z r -grading deg r on k X as fol-
, where δ ij is the Kronecker symbol. Using this grading, we can get a Z r -filtration on k X defined by:
Convention: From now on, we fix this Z r -filtration on A, and denote by G r (A) the associated
Note that A is generated in degree 1, the following is obvious.
Lemma 2.1. The Z r -filtration on A defined as above satisfies
(c) G r (A) is a connected properly Z r -graded algebra.
Ae i be a finitely generated free A-module on the basis
It is easy to check that G r (P ), the associated Z r -graded module of P , is finitely generated and
) a Z r -filtered pair of free module.
with deg e i = α i for i = 1, 2, · · · , s. Then there exists a Z r -filtered pair of free module (P ,
Ae i is a finitely generated free A-module. Moreover, we set deg e i = tdeg e i for i = 1, 2, · · · , s.
For other modules M ∈ grmod A, some extra hypotheses of Z r -filtration on M is required. For convenience, we introduce a Z r -filtration on M by
finitely generated modules is so called "good" Z r -filtration. It also assures that G r (M ) = 0 if M = 0. According to Lemma 2.1, this Z r -filtration on finitely generated module M implies the following lemma:
Lemma 2.2. Let M be a finitely generated A-module.
(d) For every i ∈ Z, there are only finite α ∈ Z r such that α = i and
Lemma 2.2 implies that the Z r -filtration {F α (M )} α∈Z r on finitely generated module M is wellordering with respect to the order by inclusion. Furthermore, for any m ∈ M , there exists α ∈ Z r such that F α (M ) = F <α (M ) and m ∈ F α (M ). The Z r -filtration on modules in grmod A o can be defined in a similar way.
In the sequel, all Z r -filtration on free modules and finitely generated modules is considered to be defined as (F1) and (F2) respectively. With these preparations, we turn to consider the homological aspect of them.
with ϕ 2 ϕ 1 = 0 and the associated Z r -graded sequence:
is exact if and only if (♮) is exact and ϕ 1 , ϕ 2 are strict .
by the strictness of ϕ 2 . There exists m
Exactness of (♮) and strictness of ϕ 1 yield
Thus
(b) The sufficiency is a special case of (a). To get the necessity, we proceed it in two steps. The first step is to show the strictness. We need only to prove the strictness of ϕ 2 since a similar argument is valid for ϕ 1 .
Choose
and F α ′′ = F <α ′′ . Repeat this procedure, by Lemma 2.2(d), it stops in finite steps. Finally, we get m 2 ∈ F α (M 2 ) such that
The second step is exactness. Let
. Repeat this procedure, by Lemma 2.2(d) and M 2 is bounded below, there exist finite number of m
The following corollary tells that the properties of submodules can also be obtained from its associated Z r -graded version.
and
Proof. 
, and the latter follows from (b).
Next lemma is a special case of [7, Proposition 2.3, Chapter 2]. However, it holds in the graded case and we are concentrated on the construction of morphism.
Lemma 2.5. Let M be a finitely generated A-module, and P = 
Then there exist a finitely generated free A-module P and a strict Z r -filtered
Proof. As mentioned above, set P = We define the morphism φ : P → M in GrMod A by φ(e i ) = m i . It is easy to know G r (φ) = φ.
Since φ is surjective, φ is a strict Z r -filtered surjection by Lemma 2.3(b).
The following lemma exhibits a construction of a free resolution for a Z r -filtered graded module from a free resolution of its associative Z r -graded module.
Lemma 2.6. Let Z r -filtered M be a finitely generated A-module. G r (M ) has a finite free resolution (the length is finite and each term in it is finitely generated):
Then there exists a finite free resolution of M in GrMod A: ) is a Z r -filtered pair of free module
As a consequence, gl dim A ≤ gl dim G r (A). In the sequel, we use the following notations if there is no confusion:
As usual, Z r -filtration for functor (−) ∨ is defined below
Ae i is a finitely generated free A-module on basis {e i } s i=1 . However, there is an isomorphism θ :
with deg e
It is easy to check that θ is a strict Z r -filtered isomorphism. Thus, the Z r -filtration above also satisfies Lemma 2.2.
Proof. Since P ∨ i is a finitely generated free module, P
) is a easy result by Lemma 2.2. And the other one can be verified straightforwardly by Lemma 2.5 and the isomorphism θ.
The regularity.
Now, we give the regularity criterion for a connected graded algebra. Let A = k X /I be a connected graded algebra. We keep the Z r -filtration on A defined in last subsection. Actually, this Z r -filtration is equivalent to a Z r -grading on k X such that G r (A) is a Z r -graded algebra. Provided an appropriate Z r -grading, one may derive some properties of A from G r (A).
Theorem 2.8. Let A = k X /I be a connected graded algebra. If G r (A) is AS-regular for an appropriate Z r -grading on k X , then A is AS-regular.
Proof. By Lemma 2.6, we know gl dim A ≤ gl dim G r (A) is finite.
Notice that G r (A) can be seen as a N r -graded algebra which does not change the GK-dimension. 
By Lemma 2.6, there exists a finite free resolution of A k in GrMod A:
Ae ) is a Z r -filtered pair of free module such that G r (P j ) ∼ = P j and 
for some l ∈ Z r . By Corollary 2.4, we have
where the Z r -filtration on Ext n A (k, A) is induced by the one on P
To make the regularity criterion theorem above available in practice, a good way is to use Gröbner theory. We review noncommutative Gröbner basis theory briefly, a detailed treatment can be found in [7] . We firstly choose an arbitrary monomial ordering ≺ on X * . This induces a
For a nonzero polynomial f ∈ k X , we can write f = q i=1 f i , where each nonzero f i is Z rhomogenous with deg r f i = α i and α 1 < α 2 < · · · < α q , f q is called the leading homogenous polynomial of f , denoted by LH(f ). Let G be the reduced monic Gröbner basis of I under admissible ordering ≺ Z r , and
With the above preparations, now we are in position to prove Theorem 0.1.
Proof of Theorem 0.1. Due to the observation above Theorem 2.8, there exists a partition on generator set X corresponding to the Z r -grading on k X . This partition induces a Z r -filtration on A as defined in Section 2.1, and G r (A) is the associated Z r -graded algebra. Here the ordering < on Z r is the top priority in ≺ Z r . And G is the reduced Gröbner basis of I with respect to ≺ Z r .
From [7, Theorem 2.3, Chapter 4], we know
as Z r -graded algebras. Thus A is AS-regular by Theorem 2.8.
Remark 2.9. Theorem 0.1 provides a possible generalized deformation from known Z r -graded AS-regular algebras; that is, by adding some appropriate low-terms to the relations, one may produce some new classes of AS-regular algebras.
Question 2.10. Suppose that A = k X /I is an AS-regular algebra, does there exist an appropriate Z r -grading on k X such that k X /(LH(G)) is AS-regular?
2.3. Ring-theoretic and homological properties. AS-regular algebras obtained so far all have nice ring-theoretic and homological properties, such as noetherian, strongly noetherian, and Auslander regular. In this subsection, we show that those properties also hold if their associated Z r -graded algebras have.
Theorem 2.11. Let A = k X /I be a connected graded algebra. If G r (A) is strongly noetherian and Auslander regular for an appropriate Z r -grading on k X , then so is A.
Before proving this theorem, we need some lemmas. Firstly, we set the definition of Z r -filtration on tensor product. Let A 1 and A 2 be two algebras with A 1 being a Z r -filtered algebra. We introduce a Z r -filtration on A 1 ⊗ A 2 by
Remark 2.12. Suppose A 1 is a connected graded algebra and A 2 is regard as a graded algebra concentrated in degree 0. The Z r -filtration on A 1 is the one defined in Section 2. 
Proof. For any α ∈ Z r , there exists an exact sequence as vector space,
Note that A 2 is flat as k-module. Hence, acting − ⊗ A 2 on that sequence,
is still exact, which implies
It is easy to check that
Lemma 2.14. Let A be a connected graded algebra. If Z r -filtered A-module M has a finite free
Proof. We claim that for any Z r -filtered homomorphism φ :
and Im(G r (φ)) ⊆ G r (Im φ), where N 1 , N 2 are two Z r -filtered A-modules. If it is the case, the conclusion follows from Lemma 2.6. Now we verify the claim. For any α ∈ Z r ,
However,
The proof for Im φ is similar.
We now recall the definition of j-number of modules. Let A be a Z r -graded algebra and M ∈ GrMod A,
Lemma 2.15. Let A be a connected graded algebra. If G r (M ) has a finite free resolution for
Proof. Assume G r (M ) has a finite free resolution
) is a Z r -filtered pair of free
; that is, the following sequence is exact
By Lemma 2.7 and Lemma 2.3(b), we can know the sequence 
by Lemma 2.14. Therefore, the Auslander
The right ones can be verified similarly.
By means of Gröbner basis, there is a corollary as the criterion for the regularity.
Corollary 2.16. Let A = k X /I be a connected graded algebra. Suppose G is the reduced Gröbner basis of I with respect to an admissible ordering ≺ Z r for some Z r -grading on k X . If the Z r -graded algebra k X /(LH(G)) is strongly noetherian and Auslander regular, then so is A.
Remark 2.17. We fail to prove that A is Cohen-Macaulay if G r (A) is Cohen-Macaulay. It is equivalent to prove j G r (A) (G r (M )) = j A (M ) for any M ∈ grmod A. We conjecture it is true. For the class of AS-regular algebras J , we will prove it directly in Section 5.
A ∞ -algebra structure of Jordan type
From this section, we turn to the AS-regular algebras of type (12221). As mentioned in the introduction, we hope to classify the AS-regular algebras whose Frobenius data is in the Jordan case. We first review the A ∞ -algebra structures on the Ext-algebra of the type (12221), the readers may find the details in [9] . After that, we concentrate on analyzing and solving the equations getting from the Stasheff identities in Jordan case.
In our case, A is generated by 2 elements x 1 and x 2 with two relations r 3 and r 4 whose degrees are 3 and 4, respectively. Denote E := E(A) the A ∞ -Ext-algebras of A.
A ∞ -Ext-algebras of type (12221).
Notice that our A ∞ -algebra structures satisfy the strictly unital condition, all multiplications and Stasheff identities can be described without E 0 = k.
Multiplications.
According to the minimal resolution ( * ) of trivial module A k, we know
where dim E
As stated above, all m n preserves Adams degree. After straightforward computation, we have m n = 0 except for n = 2, 3, 4. The non-trivial multiplications m 2 , m 3 , m 4 are described explicitly in [9] . For the sake of computation, we copy them below.
• m 2 : The possible non-trivial actions of m 2 on E ⊗2 are
By Lemma 1.3E is a Frobenius algebra. The Frobenius structure on E can be described as follows. There exists a basis
, and a basis {η} of E 4 −7 such that
where t = 0, R = (r ij ) is nonsingular. (R, t) is called the Frobenius data of E. Since k is algebraic closed, R is similar to a diagonal matrix or a Jordan block; that is,
We will focus on the later case which is called Jordan type.
• m 3 : Possible nonzero components of m 3 on E ⊗3 are
For 1 ≤ i, j, k ≤ 2, we have
where the coefficients are scalars in k.
• m 4 : The possible non-trivial actions of m 4 on E ⊗4 are
Stasheff identities for the
The non-trivial Stasheff identities are just SI(4), SI(5), SI(6).
• SI (4): Since m 1 = 0, SI(4) becomes
Applying it to the basis of E, the non-trivial ones give the relationships between the coefficients.
Immediately, we have
r sk r tj r ui a uts , for 1 ≤ i, j, k ≤ 2.
• SI (5): The Stasheff identity SI(5) is equivalent to
Then it follows that SI(5) holds if and only if for 1 ≤ i, j, k, h ≤ 2, (SI(5a))
• SI(6): The Stasheff identity SI(6) becomes
Applying it to the basis of E, all are trivial except for (β i , β j , β k , β h , β m , β n ). We obtain
, the relations R = {r 3 , r 4 } where deg r 3 = 3 and deg r 4 = 4. By Lemma 1.5 and the A ∞ -algebra structure on E described above, we can write
Furthermore, r 3 and r 4 are neither zero nor a product of lower-degree polynomials since A is a domain.
Jordan type.
We now concentrate on the Jordan type. We write
Next, we work with m 3 by considering SI(4) to describe r 3 . By SI(4b), we have
Regular algebras of Jordan type
We continue to analyze the A ∞ -algebra structures this section. We solve all the algebras corresponding to Case 1 and Case 2, and prove that there is one class of AS-regular algebras in Case 2, and no AS-regular algebra in Case 1. 
Since A is a domain, v 1212 must be nonzero. Hence we assume v 1212 = 1. Now We compute those and solve the equations by Maple. After deleting useless solutions, we have five different solutions in total. Input them into the coefficients of r 3 , r 4 as listed below.
Solution 1:
(S1)
Solution 2:
Solution 3:
Solution 4:
(S4) 
We check Hilbert series of them by using Diamond Lemma [5] to calculate the Gröbner bases. Before that, we show a lemma to help us compare the Hilbert series with other series in low degrees. Following we fix an arbitrary monomial ordering on X * . For any u, v ∈ X * , we say v is a factor of u, if there exist w, w ′ ∈ X * such that u = wvw ′ denoted by v|u. Let any nonzero polynomial f ∈ k X , the leading monomial LM (f ) of f is the largest monomial in f . Let G be the reduced monic Gröbner basis of I, and G = i G i where G i = {f ∈ G | deg f ≤ i}. We choose monomial ordering ≺ gr−lex on the free monoid {x 1 , x 2 } * as follows: For any u =
x i1 x i2 · · · x is , v = x j1 x j2 · · · x jt ∈ X * , to say u ≺ gr−lex v we mean either (a) s < t, or (b) s = t and there exists p such that x i l = x j l for l < p and i p > j p .
with j 6 + j 5 + j 4 + j 3 + j 2 + j + 1 = 0 and d ∈ k.
Lemma 4.4. O(w), P (a), Q(d) are not AS-regular. 1 ). This is just D(−2, −1) in [9] which is AS-regular. By Theorem 0.1, we have Proposition 4.5. J is an AS-regular algebra of global dimension 4.
Properties of the algebras
In this section, we show some properties of J about ring-theoretic, homology and geometry. D(−2, −1) has been proved to be noetherian, strongly noetherian and Auslander regular in [9] . By Corollary 2.16, we obtain immediately Theorem 5.1. The algebra J is strongly noetherian and Auslander regular.
Besides, we still want to know whether J is Cohen-Macaulay. An Ore extension is constructed below.
Theorem 5.2. The algebra J is Cohen-Macaulay.
Proof. We claim J is an Ore extension of an algebra which is Cohen-Macaulay. Hence J is Cohen-Macaulay by [13, Lemma 1.3] .
Take a graded polynomial algebra B = k[x 2 , z 1 , z 2 ] with deg x 2 = 1, deg z 1 = 2, and deg z 2 = 3. This is Cohen-Macaulay since it is an iterated Ore extension.
Let x We rewrite the relations between x 1 and x 2 , z 1 as
Then z 1 , z 2 can be generated by x 1 , x 2 as
Hence C is generated by x 1 , x 2 . The other four relations of C are listed below Replacing z 1 , z 2 , the first relation is equivalent to the relation f 1 of J . After being reduced by f 1 with respect to ≺ Z 2 , the second is equivalent to f 2 of J . And the last two relations can be derived from f 1 , f 2 , f 3 . Hence J ∼ = C.
Remark 5.3. The proof also shows J is AS-regular of dimension 4, strongly noetherian and Auslander regular. However, finding an Ore extension is a tedious task, the method used in last section is more effective.
